In this paper we obtain vanishing theorems for L 2 harmonic forms on complete Riemannian manifolds satisfying a weighted Poincaré inequality and having a certain lower bound of the curvature. The results are in the spirit of Li-Wang and Lam, but without assumptions of sign and growth rate of the weight function, which allow us to apply them to stable minimal hypersurfaces.
Introduction
It is an interesting problem in geometry and topology to find sufficient conditions on the manifold for the space of harmonic k-forms to be trivial.
When the manifold is compact, by Hodge theory, the space of harmonic kforms is isomorphic to the k-th de Rham cohomology group. In particular, if the manifold has some condition implying the vanishing of all harmonic k-forms, then the k-th de Rham cohomology group is trivial.
When the manifold is non-compact, it is natural to consider L 2 harmonic forms, but the space of L 2 harmonic k-forms may no longer be isomorphic to the k-th de Rham cohomology group. Fortunately, the theory of L 2 harmonic one-forms has interesting applications. For example, it can be used to study the topology at infinity. A nice theorem of Li and Tam [12] implies that given a complete Riemannian manifold, if the space of L 2 harmonic one-forms is trivial, then the manifold has at most one non-parabolic end. An interesting result of Cao, Shen and Zhu [3] implies that if a complete Riemannian manifold has positive spectrum or satisfies a certain Sobolev inequality, and if in addition the space of L 2 harmonic one-forms is trivial, then the manifold cannot have two ends of infinite volume. Combining the theorems of Li-Tam and Cao-Shen-Zhu, together with the fact that on a complete Riemannian manifold satisfying a certain Sobolev inequality all the ends must have infinite volume [11, Lemma 20.11] , we see that if a complete Riemannian manifold satisfies a certain Sobolev inequality, and if in addition the space of L 2 harmonic one-forms is trivial, then the manifold has only one end.
In this paper we obtain vanishing theorems for L 2 harmonic forms on certain complete Riemannian manifolds.
Li and Wang [13] proved a nice vanishing theorem for L 2 harmonic forms.
Theorem ( [13] ). Consider a complete non-compact Riemannian manifold M n with positive spectrum λ 1 (M n ) > 0. Suppose the Ricci curvature has a lower bound Ric ≥ −aλ 1 (M n )
for some constant 0 < a < n n−1 . Then the space of L 2 harmonic one-forms on M n is trivial.
The papers [13, 14, 16, 9, 18] contain several other interesting results concerning the geometry and topology of manifolds with positive spectrum.
Manifolds satisfying a weighted Poincaré inequality were introduced in [17] , and they are a natural generalization of manifolds with positive spectrum. Recently, Lam [10] extended Li and Wang's theorem to manifolds satisfying a weighted Poincaré inequality.
Theorem ( [10] ). Consider a complete non-compact Riemannian manifold M n satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose the Ricci curvature has a lower bound Ric ≥ −aq for some constant 0 < a < n n−1 . Assume the function q is positive and has growth rate q(
Weighted Poincaré inequalities not only generalize the first eigenvalue of the Laplacian, but also appear naturally in other geometric problems. For example, it is well known that a stable minimal hypersurface satisfies a weighted Poincaré inequality with the weight function
where A is the second fundamental form and Ric(ν, ν) is the Ricci curvature of the ambient space in the normal direction. Moreover, when the curvature of the ambient space satisfies certain conditions, it is not difficult to show that the Ricci curvature of the hypersurface has a lower bound Ric ≥ −aq for some constant a. So it is natural to ask whether the space of L 2 harmonic one-forms on the hypersurface is trivial. To apply Lam's vanishing theorem here, we would need to verify that the weight function q is positive and has a certain growth rate, but these assumptions are not natural for this weight function.
In the first theorem of the paper we remove the restrictions on the sign and growth rate of the weight function of Lam's theorem. Theorem 1. Consider a complete non-compact Riemannian manifold M n satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose the Ricci curvature has a lower bound Ric ≥ −aq for some constant 0 < a < n n−1 . Then the space of L 2 harmonic one-forms on M n is trivial.
In the second theorem of the paper we consider more general lower bounds of the Ricci curvature, but we assume that the first eigenvalue of the Laplacian has a certain positive lower bound.
Theorem 2. Consider a complete non-compact Riemannian manifold M n satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose the Ricci curvature has a lower bound Ric ≥ −aq − b for some constants 0 < a < n n−1 and b > 0. Assume the first eigenvalue of the Laplacian has a lower bound
Then the space of L 2 harmonic one-forms on M n is trivial.
We also prove a splitting theorem when
Our main interest is to obtain vanishing theorems for L 2 harmonic one-forms, but we prove the results for L 2 harmonic forms of any order. In fact, Theorems 1 and 2 are almost direct consequences of more general results (Theorems 6 and 10).
The paper is organized as follows. Section 2 contains some preliminaries. Section 3 contains the proofs of two vanishing theorems, and also a splitting theorem. Section 4 contains two applications of Theorems 1 and 2 to the theory of stable minimal hypersurfaces.
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Preliminaries
In this section we recall some preliminary concepts and facts: the first eigenvalue of the Laplacian, weighted Poincaré inequalities, Weitzenböck curvature operator, Bochner-Weitzenböck formula, L 2 harmonic forms, and refined Kato's inequality for L 2 harmonic forms.
Weighted Poincaré inequalities
Given a complete Riemannian manifold M , recall that the first eigenvalue of M is defined by
We say that M has positive spectrum if λ 1 (M ) > 0. The manifold M is said to satisfy a weighted Poincaré inequality with a continuous weight function q if
In particular, taking the weight function q = λ 1 (M ), we see that weighted Poincaré inequalities generalize the first eigenvalue of the Laplacian. Stable minimal hypersurfaces also satisfy a weighted Poincaré inequality (see Section 4).
Weitzenböck curvature operator
Given a Riemannian manifold M , consider a local orthonormal frame e 1 , . . . , e n on M with dual coframe e 1 , . . . , e n . Given a k-form ω on M , the Weitzenböck curvature operator K acting on ω is defined by
where
The Weitzenböck curvature operator appears in the Bochner-Weitzenböck formula.
Lemma 3 ([11, Lemma 3.4]).
Given a Riemannian manifold M , for any k-form ω on M , we have
where ∆ = −(dδ+δd) is the Hodge Laplacian and K is the Weitzenböck curvature operator acting on k-forms.
Given a smooth function h on M , we say that the curvature operator acting on k-forms has a lower bound
For any one-form ω on M , we have
In this case the Bochner-Weitzenböck formula becomes
The curvature operator acting on one-forms has a lower bound
if and only if the Ricci curvature has a lower bound
Given a Riemannian manifold M , recall that the space of L 2 harmonic k-forms on M is the set of all k-forms ω on M such that
In this paper we denote
We will need the following lemma, which is the refined Kato inequality for L 2 harmonic forms.
Given a Riemannian manifold M n , for any closed and coclosed k-form ω on M n , we have
Vanishing theorems
In this section we prove the main vanishing theorems of the paper (Theorems 6 and 10), which imply Theorems 1 and 2. We also prove a splitting theorem (Theorem 12).
First vanishing theorem
The proof of the first vanishing theorem depends on following lemma.
Lemma 5. Consider a complete Riemannian manifold M satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose a smooth function u on M satisfies the differential inequality
for some constants 0 < a < 1 + A, and assume
Then the function u is constant. Moreover, if u is not identically zero, then the volume of M is finite and the weight function q is identically zero.
Proof. (i) Assume the manifold is compact. We first prove that the function u is constant. Integrating inequality (1) by parts, we obtain
Putting the function u in the weighted Poincaré inequality, we get
Combining the last two inequalities, we obtain
Since 1 + A − a > 0, we deduce that the function u is constant. We now prove the second part of the lemma. Suppose u is not identically zero. Then we can write u = c for some constant c = 0. So
By inequality (1), we have aqc 2 ≥ 0. Since ac 2 > 0, we deduce that the weight function q is non-negative. Putting the function φ = 1 in the weighted Poincaré inequality, we obtain
So q is identically zero.
(ii) Assume the manifold is non-compact. We first prove that the function u is constant. We can take cutoff functions
Here B R is the open ball of radius R and center at a fixed point of M . Multiplying inequality (1) by φ 2 and integrating by parts, we obtain
Fix an ǫ > 0. By the Cauchy-Schwarz and Young inequalities, we have
Putting the function uφ in the weighted Poincaré inequality, we obtain
Combining inequalities (2) and (3), we get
Since 1 + A − a > 0, we have 1 + A − a − ǫ − ǫa > 0 for a sufficiently small ǫ > 0. By the monotone convergence theorem, sending R → ∞, we obtain
So the function u is constant. We now prove the second part of the lemma. Suppose u is not identically zero. As in the compact case, the volume of M is finite and the weight function q is non-negative. Putting the cutoff function φ in the weighted Poincaré inequality, we obtain
By the monotone convergence theorem, sending R → ∞, we get
We can now prove the first vanishing theorem for L 2 harmonic forms.
Theorem 6. Consider a complete Riemannian manifold M n satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose the curvature operator acting on k-forms has a lower bound K ≥ −aq for some constant 0 < a < C n,k . If the volume of M n is infinite, or if the weight function q is not identically zero, then the space of
Proof. Given a L 2 harmonic k-form ω on M n , we have to prove that ω is identically zero. By Bochner-Weitzenböck formula (Lemma 3), we have
Since L 2 harmonic forms are closed and co-closed, by Kato's inequality (Lemma 4), we have u∆u
where u = |ω|. Applying Lemma 5 with A = C n,k − 1, we deduce that the function u is constant. We claim that u is identically zero. Otherwise, by Lemma 5, we deduce that the volume of the manifold is finite and the weight function q is identically zero, which is a contradiction.
In particular, we obtain the following result.
Corollary 7. Consider a complete non-compact Riemannian manifold M n with positive spectrum λ 1 (M n ) > 0. Suppose the curvature operator acting on kforms has a lower bound
for some constant 0 < a < C n,k . Then the space of L 2 harmonic k-forms on M n is trivial.
Proof. This follows from Theorem 6 and the fact that manifolds with positive spectrum have infinite volume.
We can now prove Theorem 1.
Proof of Theorem 1. First recall that the curvature operator acting on oneforms has a lower bound K ≥ −aq if and only if the Ricci curvature has a lower bound
If the space of L 2 harmonic one-forms is non-trivial, by Theorem 6, the manifold has finite volume and non-negative Ricci curvature. But Yau [24] proved that every complete non-compact Riemannian manifold with non-negative Ricci curvature has infinite volume. So the space of L 2 harmonic one-forms must be trivial.
Second vanishing theorem
The proof of the second vanishing theorem depends on the following lemma.
Lemma 8. Consider a complete Riemannian manifold M satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose a smooth function u on M satisfies the differential inequality
for some constants 0 < a < 1 + A and b > 0, and assume
Then the following integral inequality holds
Moreover, if equality holds in (5), then equality holds in (4).
Proof. (i) Assume the manifold is compact. We first prove inequality (5). Integrating inequality (4) by parts, we obtain
We now prove the second part of the lemma. Assume equality holds in (5). Integrating inequality (4), we obtain
Since the quantity being integrated in (6) is non-negative, we deduce that equality holds in (4).
(ii) Assume the manifold is non-compact. We first prove inequality (5). We can take cutoff functions
Here B R is the open ball of radius R and center at a fixed point of M . Multiplying inequality (4) by φ 2 and integrating by parts, we obtain
Since the quantity being integrated in (10) is non-negative, by the monotone convergence theorem, sending R → ∞, we get
Since the quantity being integrated in (11) is non-negative, we deduce that equality holds in (4).
We also need the following straightforward lemma.
Lemma 9. Consider a smooth function u on a complete Riemannian manifold M , and assume
Proof. We can take cutoff functions
Fix an ǫ > 0. Then
By the monotone convergence theorem, sending R → ∞, and then sending ǫ → 0, we get the conclusion.
We can now prove the second vanishing theorem for L 2 harmonic forms.
Theorem 10. Consider a complete non-compact Riemannian manifold M n satisfying a weighted Poincaré inequality with a continuous weight function q. Suppose the curvature operator acting on k-forms has a lower bound
for some constants 0 < a < C n,k and b > 0. Assume the first eigenvalue of the Laplacian has a lower bound
Then the space of L 2 harmonic k-forms on M n is trivial.
Proof. Given a L 2 harmonic k-form ω on M n , we have to prove that ω is identically zero. As in the proof of Theorem 6, we have
where u = |ω|. Applying Lemma 8 with A = C n,k − 1, we obtain
By Lemma 9, we have
If the k-form ω is not identically zero, then
which leads to a contradiction. So ω is identically zero.
Theorem 2 follows directly from Theorem 10.
Splitting theorem
It is natural to ask what happens in Theorem 2 when
We show that if the space of L 2 harmonic one-forms is non-trivial, then the manifold splits.
We first need the following lemma. with the warped product metric
for some positive function η(t), and some manifold N n−1 . In this case, τ (t) is a function of t alone satisfying
We can now prove the splitting theorem. 
If the space of L 2 harmonic one-forms on M n is non-trivial, then the universal cover of M n splits asM n = R × N n−1 with the metric
for some positive function η(t) and some hypersurface N n−1 inM n . In this case, q is a function of t alone satisfying
Proof. We can take a non-vanishing L 2 harmonic one-form ω on M n . Writing u = |ω|, by the proof of Theorem 10, we have
So, by the ridigity part of Lemma 8, we have
We can lift the metric of the manifold to the universal coverM n , and we can also lift ω to a harmonic one-formω onM n . Since the universal cover is simply connected, there is a smooth function f onM n such that df =ω. So f is a non-constant harmonic function onM n satisfying the equation
The conclusion follows from the lemma above.
Remark
The results of this section can be improved using refined Kato inequalities for L 2 harmonic forms on Kähler manifolds. For any L 2 harmonic one-form ω on a complete Kähler manifold, we have . Using this inequality, it is not difficult to prove that both Theorems 1 and 2 hold with "0 < a < n n−1 " and "manifold" replaced by "0 < a < 2" and "Kähler manifold" respectively.
Applications
In this section we obtain two results in the theory of stable minimal hypersurfaces (Theorems 13 and 14) .
Recall that a oriented minimal hypersurface M n in a Riemannian manifold M n+1 is said to be stable if the second variation of area with respect to compactly supported normal variations is non-negative. It is possible to prove that this is equivalent to say that
, where A is the second fundamental form and Ric(ν, ν) is the Ricci curvature ofM n+1 in the normal direction.
First application
There are interesting results concerning stable minimal hypersurfaces when the ambient space has a certain non-negative curvature. Fischer-Colbrie and Schoen [8] proved a nice theorem concerning the structure of complete stable minimal surfaces in three-dimensional Riemannian manifolds with non-negative scalar curvature. Palmer [20] proved that the space of L 2 harmonic one-forms on a complete stable minimal hypersurface in R n+1 is trivial. Miyaoka [19] extended Palmer's theorem to ambient spaces with non-negative sectional curvature. Given a Riemannian manifold M , recall that the Bi-Ricci curvature is defined by
for any orthonormal vector fields X and Y on M . This quantity was defined by Shen and Ye [23] , and it is is half of the scalar curvature on three-dimensional manifolds. Tanno [22] extended Miyaoka result to ambient spaces with nonnegative BiRic curvature. Cao, Shen and Zhu [3] proved that a complete stable minimal hypersurface in R n+1 has only one end. Li and Wang [15] proved that a complete non-parabolic stable minimal hypersurface properly immersed in a Riemannian manifold with non-negative sectional curvature has only one non-parabolic end. See also Cheng, Cheung and Zhou's results [5] . We write
Cheng [4] proved that given a complete stable minimal hypersurface in a Riemannian manifold of dimension 4, 5 or 6 and positive BiRic a curvature, if the constant a satisfies certain conditions, then the hypersurface has only one end.
We now prove the first application of the vanishing theorems to stable minimal hypersurfaces. Proof. We know that the hypersurface satisfies a weighted Poincaré inequality with the weight function q = |A| 2 + Ric(ν, ν).
By Theorem 1, we only need to prove that the Ricci curvature of the hypersurface has a lower bound Ric M n ≥ −aq.
We adapt the proof from [15] . We can take a local orthonormal frame e 1 , . . . , e n on M n diagonalizing the second fundamental form A ij = λ i δ ij . By the Gauss equation, we have
Since M n is minimal, we have ≥ 0.
The condition BiRic a ≥ 0 is not stronger than BiRic ≥ 0, we hope to find a good example to show that the first one is really weaker.
Second application
There are some interesting results in hypersurface theory concerning eigenvalues of the Laplacian of minimal hypersurfaces in the hyperbolic space. Cheung and Leung [6] obtained a lower bound of the first eigenvalue of the Laplacian of minimal hypersurfaces in the hyperbolic space. Candel [2] obtained an upper bound of the first eigenvalue of the Laplacian of simply connected stable minimal surfaces in the three-dimensional hyperbolic space. See also Seo's result [21] .
We now prove the second application of the vanishing theorems to stable minimal hypersurfaces. Then the space of L 2 harmonic one-forms on M n is trivial.
Proof. We know that M n satisfies a weighted Poincaré inequality with the weight function q = |A| 2 + Ric(ν, ν).
By the proof of Theorem 13, we have
Applying Theorem 2, we get the conclusion.
Corollary 15. Consider a complete non-compact stable minimal hypersurface M n in a Riemannian manifoldM n+1 with constant sectional curvature −K 2 < 0. Suppose the space of L 2 harmonic one-forms on M n is non-trivial. Then
Proof. Take a = n−1 n and b =K 2 (n − 1 + an) in Theorem 14.
Taking n = 2 andK = 1 in the corollary, we obtain λ 1 (M 2 ) ≤ 
